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Abstract. A set of vertices S resolves a connected graph G if every vertex is uniquely 
determined by its vector of distances to the vertices in S. The metric dimension of G is 
the minimum cardinality of a resolving set of G. Let Gp,D be the set of graphs with metric 
dimension f3 and diameter D. It is well-known that the minimum order of a graph in G/3,d 
is exactly f3 + D. The first contribution of this paper is to characterise the graphs in 5/3, d 
with order /3 + D for all values of /3 and D. Such a characterisation was previously only 
known for D < 2 or /3 < 1. The second contribution is to determine the maximum order 
of a graph in (J/3, D for all values of D and (5. Only a weak upper bound was previously 
known. 



1. Introduction 

Let G be a connected graphQ. A vertex x G V[G) resolved a pair of vertices v, w G V(G) 
if dist(?;,:E) ^ dist(w;,rc). A set of vertices S C V(G) resolves G, and S is a resolving set 
of G, if every pair of distinct vertices of G are resolved by some vertex in S. Informally, 
S resolves G if every vertex of G is uniquely determined by its vector of distances to the 
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^Graphs in this paper are finite, undirected, and simple. The vertex set and edge set of a graph G 
are denoted by V(G) and E(G). For vertices v,w £ V(G), we write v ~ w if vw £ E(G), and v ^ w 
if vw E(G). For S C V(G), let G[S] be the subgraph of G induced by S. That is, V(G[S}) = S 
and E(G[S\) = {vw £ E{G) : v £ S,w £ S}). For S C V(G), let G \ S be the graph G[V(G) \ S}. 
For v £ V{G), let G \ v be the graph G \ {v}. Suppose that G is connected. The distance between 
vertices v,w £ V(G), denoted by distG(u, w), is the length (that is, the number of edges) in a shortest path 
between v and w in G. The eccentricity of a vertex v in G is eccG(w) := max{distG(u, w) : w £ V(G)}. 
We drop the subscript G from these notations if the graph G is clear from the context. The diameter 
of G is diam(G) := max{dist(?;, w) : v,w £ V(G)} = max{ecc(ii) : v £ V(G)}. For integers a < b, let 
[a, b] := {a, a + 1, . . . , b}. 

2 It will be convenient to also use the following definitions for a connected graph G. A vertex x £ V(G) 
resolves a set of vertices T C V(G) if x resolves every pair of distinct vertices in T. A set of vertices 
S C V(G) resolves a set of vertices T C V(G) if for every pair of distinct vertices v,w £ T, there exists a 
vertex x £ S that resolves v,w. 
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vertices in S. A resolving set S of G with the minimum cardinality is a metric basis of G 
and \S\ is the metric dimension of G, denoted by 13(G). 

Resolving sets in general graphs were first defined by Slater [28|] and Harary and Melter 
1 15]. Resolving sets have since been widely investigated 
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271. 129. l3ll . |32| . |33j , and arise in diverse areas including coin weighin 



13,123], 



161 . 1 181 . 130J , network discovery and verification [l] , robot navigation = . i 

connected joins in graphs 2fJ, the Djokovic- Winkler relation [3], and strategies for the 
Mastermind game @, EH, E3ll3, E3j- 

For positive integers @ and D, let Gb,d De the class of connected graphs with metric 
dimension (3 and diameter D. Consider the following two extremal questions: 

• What is the minimum order of a graph in Gb £>? 

• What is the maximum order of a graph in Gb 

The first question was independently answered by Yushmanov [3^], Khuller et al. [l~7l ]. 
and Chartrand et al. [5], who proved that the minimum order of a graph in Gb,d is (3 + D 
(see Lemma l2.2p . Thus it is natural to consider the following problem: 

• Characterise the graphs in G/3,d with order (3 + D. 

Such a characterisation is simple for = 1. In particular, Khuller et al. [l^ and Char- 
trand et al. 0] independently proved that paths P n (with n > 2 vertices) are the only 
graphs with metric dimension 1. Thus Gi,d = {-Pd+i}- 

The characterisation is again simple at the other extreme with D = 1. In particular, 
Chartrand et al. [5J proved that the complete graph K n (with n > 1 vertices) is the only 
graph with metric dimension n — 1 (see Prop osition l2.12p . Thus Gp,i = {-fiTg+i}. 

Chartrand et al. 0] studied the case D = 2, and obtained a non-trivial characterisation 
of graphs in G/3,2 with order (3 + 2 (see Proposition 12.13]) . 

The first contribution of this paper is to characterise the graphs in G/3,d with order (3-\-D 
for all values of j3 > 1 and D > 3, thus completing the characterisation for all values of D. 
This result is stated and proved in Section [2l 

We then study the second question above: What is the maximum order of a graph in 
G/3,d^ Previously, only a weak upper bound was known. In particular, Khuller et al. [l^] 
and Chartrand et al. [5] independently proved that every graph in Gp,D has at most D@ + (3 
vertices. This bound is tight only for D < 3 or (3 = 1. 

Our second contribution is to determine the (exact) maximum order of a graph in Gb d 
for all values of D and f3. This result is stated and proved in Section [3j 



2. Graphs with Minimum Order 

In this section we characterise the graphs in Gb D with minimum order. We start with 
an elementary lemma. 



Lemma 2.1. Let S be a set of vertices in a connected graph G. Then V(G) \ S resolves G 
if and only if every pair of vertices in S are resolved by some vertex not in S. 
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Proof. If v G V(G) \ S and w is any other vertex, then v resolves v and w. By assumption 
every pair of vertices in S are resolved by some vertex in V(G) \ S. □ 

Lemma 12 . 1 1 enables the minimum order of a graph in Qp d to be easily determined. 

Lemma 2.2 (0,0,1 l33jj). The minimum order of a graph in Gp,D is (3 + D. 



Proof. First we prove that every graph G G Qp d has order at least (3 + D. Let vq,vjj be 
vertices such that dist(i;o, vd) = D. Let P = (vq, v\,..., vd) be a path of length D in G. 
Then t>o resolves Vi,Vj for all distinct i,j G Thus V(G) \ {v±, . . . ,vd} resolves G by 

LemmaEU Hence f3 < \V(G)\ - D and \V(G)\ >f3 + D. 

It remains to construct a graph G G Qp d with order f3 + D. Let G be the 'broom' tree 
obtained by adding (3 leaves adjacent to one endpoint of the path on D vertices. Observe 
that | ^(G) | = (3 + D and G has diameter D. It follows from Slater's formula 



for the 



metric dimension of a treqj that the (3 leaves adjacent to one endpoint of the path are a 
metric basis of G. Hence G E Qp,D- D 

2.1. Twin Vertices. Let u be a vertex of a graph G. The open neighborhood of u is 
N(u) := G ^(C) : G _E(G)}, and the closed neighborhood of n is iV[it] := N(u) U {n}. 
Two distinct vertices u,v are adjacent twins if iV[n] = ./Vkv], and non-adjacent twins if 
iV(it) = N(v). Observe that if u,v are adjacent twins then uv G E{G), and if n, v are 
non-adjacent twins then uv £ E(G); thus the names are justified^. If u,v are adjacent or 
non-adjacent twins, then u, v are twins. The next lemma follows from the definitions. 

Lemma 2.3. Ifu,v are twins in a connected graph G, then dist(it, x) = dist(u,x) for every 
vertex x G V(G) \ {u, v}. □ 

Corollary 2.4. Suppose that u,v are twins in a connected graph G and S resolves G. Then 
u or v is in S. Moreover, if u G S and v ^ S, then (S \ {u}) U {v} also resolves G. □ 

Lemma 2.5. In a set S of three vertices in a graph, it is not possible that two vertices in 
S are adjacent twins, and two vertices in S are non- adjacent twins. 

Proof. Suppose on the contrary that u, v are adjacent twins and v, w are non-adjacent twins. 
Since u, v are twins and v ^ w, we have u ^ w. Similarly, since v,w are twins and u ~ v, 
we have u ~ w. This is the desired contradiction. □ 

Lemma 2.6. Let u,v,w be distinct vertices in a graph. Ifu,v are twins and v,w are twins, 
then u, w are also twins. 

Proof. Suppose that u,v are adjacent twins. That is, N[u] = N[v]. By Lemma 12.51 v i w 
are adjacent twins. That is, N[v] = N[w]. Hence N[u] = N[w]. That is, u,w are adjacent 
twins. By a similar argument, if u, v are non-adjacent twins, then v, w are non-adjacent 
twins and u, w are non-adjacent twins. □ 



^Also see 0, E3] for proofs of Slater's formula. 
^In the literature, adjacent twins are called true ti 
prefer the more descriptive names, adjacent and non- adjacent. 



4 In the literature, adjacent twins are called true twins, and non-adjacent twins are called false twins. We 
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For a graph G, a set T C V(G) is a twin-set of G if v,w are twins in G for every pair of 
distinct vertices v,w £ T. 

Lemma 2.7. If T is a twin-set of a graph G, then either every pair of vertices in T are 
adjacent twins, or every pair of vertices in T are non- adjacent twins. 

Proof. Suppose on the contrary some pair of vertices v,w G T are adjacent twins, and 
some pair of vertices x,y G T are adjacent twins. If v, x are adjacent twins then {v, x, y} 
contradict Lemma 12.51 Otherwise v, x are non-adjacent twins, in which case {v, w, x} 
contradict Lemma 12.51 □ 

Lemma 2.8. Let T be a twin-set of a connected graph G with \T\ > 3. Then (3(G) = 
(3(G \ u) + 1 for every vertex u G T . 

Proof. Let u, v, w be distinct vertices in T. By Corollary 12.41 there is a metric basis W 
of G such that u, v G W. Since u has a twin in G \ u, for all x,y G V(G \ u) we have 
distc(x,y) = dist G \ u (x , y) . In particular, G \ u is connected. First we prove that W \ {u} 
resolves G\u. For all distinct vertices x, y G V(G \ u), there is a vertex s G W such that 
distcfx, s) ^ distc(y, s). If s ^ u, then s G W \ {«} resolves the pair rc, y. Otherwise, v is 
a twin of s = u and dist(j\ u (x, v ) = distG-(x,f) = distc(x, s) ^ distc(y, s) = distc(y, v) = 
dist(3\ u (y, u). Consequently, f G VF \ {«} resolves the pair x,y. Now suppose that W' is a 
resolving set of G\u such that |W'| < \W\ — 1. For all x, y G y(G\n), there exists a vertex 
s G W such that distQ\ u (x, s) 7^ distQ\ u (y, s). Then VF' U {n} is a resolving set in G of 
cardinality less than \W\, which contradicts the fact that IF is a resolving set of minimum 
cardinality. □ 

Note that it is necessary to assume that |T| > 3 in Lemma 12.81 For example, {x, z} is a 
twin-set of the 3-vertex path P3 = (x, y, z), but @(Pz) = @{Pz \x) = 1. 

Corollary 2.9. Let T be a twin-set of a connected graph G with \T\ > 3. Then (3(G) = 
(3(G \S) + \S\ for every subset S C T with \S\ < \T\ - 2. □ 

2.2. The Twin Graph. Let G be a graph. Define a relation = on V(G) by u = v if and 
only if u = v or u, v are twins. By Lemma [2.61 = is an equivalence relation. For each vertex 
v G V(G), let v* be the set of vertices of G that are equivalent to v under =. Let {v^, . . . , v^} 
be the partition of V(G) induced by =, where each Vi is a representative of the set v* . The 
twin graph of G, denoted by G*, is the graph with vertex set V(G*) := {v^, where 
v*Vj G E(G*) if and only if V{Vj G E(G). The next lemma implies that this definition is 
independent of the choice of representatives. 

Lemma 2.10. Let G* be the twin graph of a graph G. Then two vertices v* and w* of G* 

are adjacent if and only if every vertex in v* is adjacent to every vertex in w* in G. 

Proof. Suppose on the contrary that some vertex in v* is adjacent to some vertex in w*, and 
some vertex in v* is not adjacent to some vertex in w* . Then y ~ x 9^ z for some vertices 
x G v* and y,z G w*. Thus y,z are not twins, which is the desired contradiction. □ 
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Each vertex v* of G* is a maximal twin-set of G. By Lemma 12.71 G[v*] is a complete 
graph if the vertices of v* are adjacent twins, or G[v*\ is a null graph if the vertices of v* 
are non-adjacent twins. So it makes sense to consider the following types of vertices in G* . 
We say that v* € V(G*) is of type: 

• (1) if \v*\ = 1, 

• (K) if G[v*\ =S AT r and r > 2, 

• (AO if G[u*] ^ iV,. and r > 2, 

where iV r is the null graph with r vertices and no edges. 

A vertex of G* is of type (IK) if it is of type (1) or (K). A vertex of G* is of type (IN) if 
it is of type (1) or (N). A vertex of G* is of type (KN) if it is of type (K) or (N). 

Observe that the graph G is uniquely determined by G* , and the type and cardinality 
of each vertex of G* . In particular, if v* is adjacent to w* in G* , then every vertex in v* is 
adjacent to every vertex in w* in G. 

We now show that the diameters of G and G* are closely related. 

Lemma 2.11. Let G ^ K\ be a connected graph. Then diam(G*) < diam(G). Moreover, 
diam(G*) < diam(G) if and only if G* = K n for some n > 1. In particular, i/diam(G) > 3 
then diam(G) = diam(G*). 

Proof. If v,w are adjacent twins in G, then distG(v,w) = 1 and v* = w* . If v,w are non- 
adjacent twins in G, then (since G has no isolated vertices) distc(f , w) = 2 and v* = w* . 
If v,w are not twins, then there is a shortest path between v and w that contains no pair 
of twins (otherwise there is a shorter path); thus 

(1) distc(u, w) = distc* (v *, w*). 

This implies that diam(G*) < diam(G). Moreover, if eccc(v) > 3 then v is not a twin 
of every vertex w for which distc'(f,'w) = eccc(f); thus distc(i;, u;) = distG»(f*, w*) by 
Equation ([I]) and eccc(v) = eccc*(v*). Hence if diam(G) > 3 then diam(G) = diam(G*). 

Now suppose that diam(G) > diam(G*). Thus diam(G) < 2. If diam(G) = 1 then G is 
a complete graph and G* = K\, as claimed. Otherwise diam(G) = 2 and diam(G*) < 1; 
thus G* = K n for some n > 1, as claimed. 

It remains to prove that diam(G*) < diam(G) whenever G* = K n . In this case, 
diam(G*) < 1. So we are done if diam(G) > 2. Otherwise diam(G) < 1 and G is 
also a complete graph. Thus G* = K\ and diam(G*) = 0. Since G ^ K±, we have 
diam(G) = 1 > = diam(G*), as desired. □ 

Note that graphs with diam(G*) < diam(G) include the complete multipartite graphs. 
Theorem 12.141 below characterizes the graphs in Gp,D for D > 3 in terms of the twin 
graph. Chartrand et al. [5] characterized.! the graphs in Gp,D for D < 2. For consistency 

''To be more precise, Chartrand et al. Q] characterised the graphs with /3(G) = n — 2. By Lemma [2.21 if 
/3(G) = n — 2 then G has diameter at most 2. By Proposition 12.121 if G has diameter 1 then /3(G) = n — 1. 
Thus if /3(G) = n — 2 then G has diameter 2. 



6 HERNANDO, MORA, PELAYO, SEARA, AND WOOD 

with Theorem 12. 141 we describe the characterisation by Chartrand et al. [jj in terms of the 
twin graph. 

Proposition 2.12 ([5]). The following are equivalent for a connected graph G with n 
vertices: 

• G has metric dimension (3(G) = n — 1, 

• G = K n , 

• diam(G) = 1, 

• the twin graph G* has one vertex, which is of type (IK). 

Proposition 2.13 ([5]). The following are equivalent for a connected graph G with n > 3 
vertices: 

• G has metric dimension [3(G) = n — 2, 

• G has metric dimension (3(G) = n — 2 and diameter diam(G) = 2, 

• the twin graph G* of G satisfies 

— G* = P'2 with at least one vertex of type (N) , or 

— G* = P3 with one leaf of type (1), the other leaf of type (IK), 
and the degree-2 vertex of type (IK). 

To describe our characterisation we introduce the following notation. Let Pd+i = 
(uq,u\, . . . ,ud) be a path of length D. As illustrated in Figure Ha), for k £ [3, D — 1] 
let PD+i,k be the graph obtained from Pd+i by adding one vertex adjacent to u^i- As 
illustrated in Figure QJb), for k G [2,D — 1] let P' D+1 k be the graph obtained from Pd+i 
by adding one vertex adjacent to Ufc_i and u k . 




Uo Ul Uk-l U k U D _i UD 



Figure 1. The graphs (a) Po+i,fc and (b) P' L 



Theorem 2.14. Let G be a connected graph of order n and diameter D > 3. Let G* be 
the twin graph of G. Let a(G*) be the number of vertices of G* of type (K) or (N). Then 
(3(G) = n — D if and only if G* is one of the following graphs: 

(1) G* = Pd+i and one of the following cases hold (see Figure^): 
(a) a(G*) < 1; 
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(b) a(G*) = 2, the two vertices of G* not of type (1) are adjacent, and if one is a 
leaf of type (K) then the other is also of type (K); 

(c) a(G*) = 2, the two vertices of G* not of type (1) are at distance 2 and both 
are of type (N); or 

(d) a(G*) = 3 and there is a vertex of type (N) or (K) adjacent to two vertices of 
type (N). 

(2) G* = P^+i^k for some k 6 [3, D — V\, the degree-3 vertex u k _ 1 of G* is any type, 
each neighbour ofu* k _ x is type (IN), and every other vertex is type (1); see Figured 

(3) G* = P' D+l k for some k € [2, D — 1], the three vertices in the cycle are of type (IK), 
and every other vertex is of type (1); see Figure^ 

(a) O O— • • • —O O-^iKNy^) • • • — O O 



r o — • • • -<^:kn - kn — o — • • • —o — o 



(b) < 



o — o o — o — o — o — o — a 

v O O O O O O O O^nvXiV) 

(c) o — • • • —o — ® — o — ® — • • • — o — o 

(d) o — • • • — o — — o— • • • —o — o 



FIGURE 2. Cases (a)-(d) with G* ^ P D+1 in Theorem EH 




o — • • • — o — ClN}4^H^N)^ — o— • • • —o — o 



Figure 3. The case of G* = P D +i,k in Theorem EH 

2.3. Proof of Necessity. Throughout this section, G is a graph of order n, diameter 
D > 3, and metric dimension f3(G) = n — D. Let G* be the twin graph of G. 

Lemma 2.15. There exists a vertex uq in G of eccentricity D with no twin. 

Proof. Let uq and up be vertices at distance D in G. As illustrated in Figure let 
(uq, u\, . . . , ud) be a shortest path between uq and ud- Suppose on the contrary that both 



8 



HERNANDO, MORA, PELAYO, SEARA, AND WOOD 




Figure 4. The case of G* = P' D+1 k in Theorem EH 



uq and ud have twins. Let x be a twin of no and y be a twin of ud- We claim that {x, y} 
resolves {no, • • . , no}. Now uq ^ Ui for all i G [2, D], and thus x ^ ui (since x, uo are twins). 
Thus dist(x,Uj) = i for each i G [1,D]. Hence x resolves Ui,Uj for all distinct i,j G 
By symmetry, dist(y, Uj) = D — i for all i G [0, £> — 1], and n resolves Ujjitj for all distinct 
i,j G [0, D — 1]. Thus {x, y} resolves {no, . .., except for possibly the pair uq, «d- Now 
dist(x, Uo) < 2 and dist(x, up) = D. Since D > 3, x resolves uq,ud- Thus resolves 
{no, • • • , n£>}- By Lemma 12.14 <n—(D + l) < n — D, which is a contradiction. Thus 

«0 or has no twin. □ 




no ui ud-1 ud 



Figure 5. {x, y} resolves {no, . . . , ud} in Lemma f2. 151 

For the rest of the proof, fix a vertex no of eccentricity D in G with no twin, which exists 
by Lemma r2.151 Thus Uq = {u } and eccG*(u*) = eccG-(no) = D, which is also the diameter 
of G* by Lemma 12.111 As illustrated in Figure for each i G [0, D], let 

A* := {v* G V{G*) : dist(nQ,w*) =i}, and 

At := {v G V(G) : dist(u ,t>) = i} = \J{v* : v* G Aft. 

Note that the last equality is true because no has no twin and dist(uo,v) = dist(no,n;) if 
v,w are twins. For all i G [0, D], we have \Ai\ > 1 and \A*\ > 1. Moreover, |^4q| = l^ol = 1- 
Let (uo,ni, . . . , ud) be a path in G such that Ui G Ai for each i G [0, D]. Observe that if 
v G Ai is adjacent to w G Aj then \i — j\ < 1. In particular, (nj,nj + i, . . . , Uj) is a shortest 
path between n^ and uj. 

Lemma 2.16. For each k G 

• is a complete graph or a null graph; 

• G* [At] is a complete graph or a null graph, and all the vertices in At are of type 
(IK) in the first case, and of type (IN) in the second case. 
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Figure 6. The sets Aq,Ai, ... ,A D . 



Proof. Suppose that G[Afc] is neither complete nor null for some k € Thus there 

exist vertices u,v,w £ Ak such that u ~ v ^ w, as illustrated in Figure rfl Let S := 
({ui, . . . ,ud} \ {uk}) U {u, w}. Every pair of vertices in S are resolved by no, except 
for u and w which are resolved by v. Thus {uq,v} resolves S. By Lemma 12. 1\ (3{G) < 
n — (D + 1) < n — D. This contradiction proves the first claim, which immediately implies 
the second claim. □ 




Figure 7. {uq,v} resolves ({u±, . . . ,ud} \ {u-k}) U {u, w} in Lemma [2. 161 

Lemma 2.17. For each k G if \A^\ > 2 then 

(a) v ~ w for all vertices v € A^-i and w € Ak; 

(b) u* ~ w* for all vertices v* € A^^ and w* £ A* k . 

Proof. First we prove (a). Every vertex in A\ is adjacent to uq, which is the only vertex 
in Aq. Thus (a) is true for k = 1. Now assume that k > 2. Suppose on the contrary that 
v 9^ w for some v £ and w G Ak- There exists a vertex u £ adjacent to w. As 

illustrated in Figure El if w ^ Uk then {uo,w} resolves ({ui, . . . ,it£)} \ U {u, v}. 

As illustrated in Figure El if to = Uk then i; 7^ Mfc-i and there exists a vertex z ^ Uk 
in Afc, implying {uq, Uk} resolves ({u\, . . . , ito} \ {uk}) U {i>, 2}. In both cases, Lemma I2TT1 



In Figures [7 ^221 a solid line connects adjacent vertices, a dashed line connects non-adjacent vertices, 
and a coil connects vertices that may or may not be adjacent. 
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Figure 8. In Lemma [2. 171 {uq,w} resolves ({ui, . . . ,urj} \ {u^^i}) U {u, v}. 

implies that (3{G) < n — D — 1. This contradiction proves (a), which immediately implies 
(b). □ 




Figure 9. In Lemma f2.17[ {uq, u^} resolves ({u\, . . . ,urj} \ {u^}) U {v, z}. 

Lemma 2.18. // |Aj[ > 2 and \Aj\ > 2 then \i — j\ < 2. Thus there are at most three 
distinct subsets Ai,Aj,A}~ each with cardinality at least 2. 

Proof. As illustrated in Figure [TO] suppose on the contrary that \Ai\ > 2 and \Aj\ > 2 for 
some i,j € [1, D] with j > i + 3. Let x ^ U{ be a vertex in Aj. Let y 7^ tfj be a vertex in 
Aj. We claim that {uj, x} resolves ({no, . . . , up} \ {uj}) U {y}. 

By Lemma [2.17l ~ x and ~ y. Observe that dist(uj,y) G {1, 2}; dist(uj, Uj-h) = 
h for all h £ [1, j]; dist^-, Uy+ft) = /i for all h £ [1,-D — j]. Thus itj resolves ({uo, • • • ,«fl} \ 
{uj}) U {y}, except for the following pairs: 

• Uj_h, Uj + h whenever l<h<j<D — h; 

• y,Uj~i and y,Uj + i if dist(y, Uj) = 1; and 

• y,Uj_ 2 and y,Uj +2 if dist(y, Uj) = 2. 

We claim that x resolves each of these pairs. By Lemma l2.17( there is a shortest path 
between x and Uj-i that passes through Uj- 2 - Let r := dist(x, Uj-2). Thus dist(x, = 
r+1, dist(x,y) = r+2, dist(x, Uj + i) = r+3, and dist(x, Uj + 2) = r+4. Thus x resolves every 
pair of vertices in {uj-2,Uj-i,y, Uj + \,Uj + 2}- It remains to prove that x resolves Uj-h,Uj + h 
whenever 3<h<j<D — h. Observe that dist(x, Uj+h) > j + h — i. If j — h > i then, 
since (x, . . . , uj-h) is a path, 

dist(x, Uj-ft) < j — h — i + 2<j + h — i < dist(x, Uj + hj- 
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Otherwise j — h < i — 1, implying 

dist(x, Uj_h) = i — (j — h) < j + h — i < dist(a;, Uj + h). 

In each case dist(x, Uj-h) < dist(x, Uj + h). Thus x resolves Uj-h,Uj+h- 

Hence {uj, x} resolves ({no, . . . ,ud} \ {uj}) U {y}. By Lemma [2TTT (3(G) < n — D — 1 
which is the desired contradiction. □ 




Figure 10. {uj, x} resolves ({no, • • • ,ud} \ {uj}) U {y} in Lemma f2. 181 



Lemma 2.19. = 1 and \A* D \ = 1. 

Proof. Consider a vertex v G A\. Then v ~ no and every other neighbour of v is in A\ U A2. 
By Lemma [2. 161 G[j4i] is complete or null. If every vertex in A\ is adjacent to every vertex 
in A2, then A\ is a twin-set, and = 1 as desired. 

Now assume that some vertex v G A\ is not adjacent to some vertex in A<i- By 
Lemma 12.171 the only vertex in A2 is 112, and v 9^ 112- If G[^4i] is null then ecc(v) > D, and 
if GL4i] is complete then v and no are twins. In both cases we have a contradiction. 

If \Ad\ = 1 then \A* D \ = 1. Now assume that \Ajj\ > 2. The neighbourhood of every 
vertex in Ad is contained in Ajj-i LlAj). By Lemma [2.17|, every vertex in Ad is adjacent to 
every vertex in Ad-i- By Lemma |2.16[ G[^4_d] is complete or null. Thus Ad is a twin-set, 
implying \A* D \ = 1. □ 

Lemma 2.20. For each k G [1,D — 1], distinct vertices v,w G A^ are twins if and only if 
they have the same neighbourhood in Ak + \. 

Proof. The neighbourhood of both v and w is contained in A^-iUAkUAk+i. By Lemma[2jTl 
both v and w are adjacent to every vertex in ^4^-1- By Lemma l2,16l G[^4fc] is complete or 
null. Thus v and w are twins if and only if they have the same neighbourhood in A^i. □ 

Lemma 2.21. For each k G [2,D], 

(a) if \A k \ > 2 then {A*^ = 1; 

(b) if\A k \ = 1 then \A%_ X \ < 2. 

Proof. Suppose that \A k \ > 2. If |Afe_x| = 1 then (A^-J = 1 as desired. Now assume that 
|^4fc-i| ^ 2. Thus A k _\ is a twin-set by Lemma |2.20|. implying (A^J = 1. Now suppose 

that \A k \ = 1. If = 1 then |^41_i | = 1 and we are done. So assume that | ^4fc 1 1 > 2- 

By Lemma [2.20} the set of vertices in A k -i that are adjacent to the unique vertex in A}~ 
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is a maximal twin-set, and the set of vertices in Ap.—i that are not adjacent to the unique 
vertex in A k is a maximal twin-set (if it is not empty). Therefore |-At_i| < 2. □ 

Lemma 2.22. For each k G [1,-D], we have \At\ < 2. Moreover, there are at most three 
values of k for which \A k \ = 2. Furthermore, if \A*\ = 2 and \A*\ = 2 then \i — j\ < 2. 

Proof. Lemma 12.191 proves the result for k = D. Now assume that £; G [1,D — 1]. Suppose 
on the contrary that \A k \ > 3 for some k G [1, D\. By the contrapositive of Lemma [2.21f a). 

= 1. By Lemma [2.21f b). \At\ < 2, which is the desired contradiction. The remaining 
claims follow immediately from Lemma 12.181 □ 

Lemma 2.23. Suppose that \A k \ = 2 for some k £ [2,D - 1]. Then \A k+ i\ = \A* k+l \ = I, 
and exactly one of the two vertices of A* k is adjacent to the only vertex of A* k+l . Moreover, 
if k < D - 2 then \A k+2 \ = \ A % +2 \ = 1. 

Proof. By the contrapositive of Lemma 12.211 (a) . = |^4£ +1 | = 1. By Lemma [2.20[ 

exactly one vertex in A* k is adjacent to the vertex in A* k+1 . Now suppose that k < D — 2 
but |^4fc+2| > 2. As illustrated in FigureHU let x ^ u k+ 2 be a vertex in A k+2 . Let y ^ u k be 
a vertex in A/-, such that y,u k are not twins, that is, y ^ u k+ \. By Lemma l"2.17[ u k -i ~ y 
and u k+ i ~ x. Thus {x,uq} resolves {u±, . . . ,ud,u}- By Lemma [27TT (3{G) < n — D — 1, 
which is a contradiction. Hence |^4fc+2| = L implying \A^, , 2 | = 1. □ 




Figure 11. {x,uq} resolves {u\, . . . ,ud,v} in Lemma 12.231 
We now prove that the structure of the graph G* is as claimed in Theorem 12.141 

Lemma 2.24. Either G* ^ P D+l , G* P D +i,k for some k G [3,D - 1], or G* ^ P' D+1>k 
for some k G [2, D — 1] . 

Proof. By Lemma [2.221 each set A* k contains at most two vertices of G* . Lemmas 12. 191 [27181 
and [2723] imply that \A* k \ = 2 for at most one k G [0,D]. If \A%\ = 1 for every k G [0,D] 
then G* = Pd+i as desired. 

Now assume that \At\ = 2 for exactly one k G [0, D\. By Lemma 12.191 k G [2, D — 1]. 
Let u>* be the vertex in A£ besides u£. Then w* ~ "U^^ by Lemma 12.171 If w* ~ u£ then 
G* = P' D+lk - Otherwise w* </< u* k . Then G* = Po+i,k- It remains to prove that in this 
case k ^ 2. 

Suppose on the contrary that G* = Po+\,k and /c = 2. Thus = 2. Say ^4* = {^2, w*}, 
where 9^ w*. By Lemma l2"723l \A^\ = 1. Thus A\ = {M3}. Since ~ u^, by Lemma [27201 
i«* 9^ u\. Thus is the only neighbour of w*. Hence every vertex in w* is a twin of no, 
which contradicts the fact that uq has no twin. Thus k ^ 2 if G* = Po+i,k- E7J 



METRIC DIMENSION AND DIAMETER 



13 



We now prove restrictions about the type of the vertices in G* . To start with, Lemma [2.18l 
implies: 

Corollary 2.25. If G* — Pd+i then ce(G*) < 3 and the distance between every pair of 
vertices not of type (1) is at most 2. 

Lemma 2.26. Suppose that G* = Pd+i and a(G*) = 2. If the two vertices of G* not of 
type (1) are adjacent, and one of them is a leaf of type (K), then the other is also of type 



Proof. As illustrated in Figure [T2l let x and y be twins of ud-i and ud respectively. By 
assumption GL4d] is a complete graph. Suppose on the contrary that GL4d_i] is a null 
graph. By Lemma 12.171 every vertex in Ad is adjacent to every vertex in Ad—x- Thus y 
resolves {uq, . . . , ud}, except for the pair ud-i,ud, which is resolved by x. Thus {x,y} 
resolves {uq, . . . ,ud}- By Lemma l2.1( /3(G) < n — D — 1, which is a contradiction. Thus 
G[A£)_!] is a complete graph. □ 



Lemma 2.27. Suppose that G* = Pd+i o-nd for some k £ [2, D — 1], the vertices u* k _ l and 
u *k+i °f G* are both not of type (1). Then u^_ l and u* k+1 are both of type (iV). 

Proof. Let x and y be twins of Uk-i and u^+i respectively. Suppose on the contrary that 
one of u k _ 1 and u* k+l is of type (K). Without loss of generality u k _ 1 is of type (K), as 
illustrated in Figure [T3l Thus ~ x. We claim that {x,y} resolves {uo,u\, . . . ,ud}. 
Observe that x resolves every pair of vertices of {no, u%, . . . , up} except for: 

• each pair of vertices in {uk-2, u k-i> u k}i which are all resolved by y since d(y, u^) = 
1, d(y,u k _i) = 2, and d(y,u k ^ 2 ) = 3; and 

• the pairs {uk-j,Uk+j-2 '■ j € [3,min{/c, D + 2 — k}]}, which are all resolved by y 
since d(y, Ufc-j) = J + 1> an d 



Hence {x, y} resolves {uq, ui, . . . , «d}. Thus Lemma I2TT1 implies (3{G) < n — D — 1, which 



(JO. 




Figure 12. {x,y} resolves {uq, . . . ,ud} in Lemma 12.261 




is the desired contradiction. Hence u k _ 1 and u* k+l are both of type (N). 



□ 
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Figure 13. {x,y} resolves {uq, . . . ,ud} in Lemma T2.271 



Corollary 12,251 and Lemmas 12.261 and 12.271 prove the necessity of the conditions in Theo- 
rem EH when G* = P D +i- 

Lemma 2.28. Suppose that G* = Po+x,k for some k G [3,D - 1), where A* k = {u* k ,w*} 
and w* ~ u *k-i- Then u* k _ 2 , u k and w* are type (IN), u* k _ 1 is any type, and every other 
vertex is type (1). 

Proof. Since u k ^ w* , Lemma 12.161 implies that u* k and w* are both type (IN). By 
Lemmas 12.181 and 12.231 the remaining vertices are of type (1) except, possibly u k _ 2 and 
u k _ 1 . Suppose that u k _ 2 is of type (K), as illustrated in Figure [HI Let x be a twin of 
Uk-2- Then x ~ Uj.-x- We claim that {x,w} resolves {uo,u\, . . . ,ud}- 

Observe that x resolves every pair of vertices in {uq, u\, . . . , up} except for: 

• each pair of vertices in {uk~3, Uk~2,Uk-i}, which are all resolved by w since d(w, Uk-i) = 
1, d(w,Uk-2) = 2, and d(w,Uk~3) = 3; and 

• the pairs {uk_2-j,Uk-2+j '■ j G [2,min{/c — 2, D — k + 2}]}, which are all resolved 
by w since d(w, Uk-2-j) = J ' + 2 and d(w, Uk-2+j) = j- 

Thus {x, w} resolves {uq, Ui, . . . ,ud}- Hence Lemma I27L1 implies that (5(G) < n — D — 1, 
which is the desired contradiction. □ 



Uq 



o- 

Itl 




Uk-3 



o- 

Uk+1 



-o — o 

UD-1 UD 



Figure 14. {x,w} resolves {uq, . . . ,ud} in Lemma T2.281 



Lemma 2.29. Suppose that G* = P' D+lk for some k G [2,D — I], where A* k = {u* k ,w*} 
and u* k _ l ~ w* ~ u k . Then u* k _ v u* k and w* are type (IK), and every other vertex is type 
(1). 

Proof. Since u* k ~ w*, Lemma [2.161 implies that u k and w* are type (IK). By Lemmas 12. 181 
and 12.231 the remaining vertices are type (1) except possibly u* k _ 2 and u* k _ v 
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Suppose on the contrary that u* k _ 2 is type (K) or (N), as illustrated in Figure [T5l Let x 
be a twin of u k -2- We claim that {x, w} resolves {uq,ui, . . . , ud}- Observe that w resolves 
every pair of vertices in {uq, u\, . . . , «d}, except for pairs 

{u k -i-j,Uk+j ■ j e [0,min{fc - 1,D - k}]}. 

These pairs are all resolved by x since d(x, u k+ j) = j + 2 and 



d(x,Uk-i-j) 
Thus {x, w} resolves {uq, ui,..., up}. 



j-1 if J > 2, 
1 or 2 if j = 1, 
1 if j=0. 




Figure 15. {x,w} resolves {uq, u\, . . . , ud} in Lemma 12.291 

Suppose on the contrary that uij is type (N), as illustrated in Figure [16l Let y be 
a twin of Uk-\- We claim that {y,w} resolves {uq,ui, . . . ,Ud}- Observe that w resolves 
every pair of vertices in {uo,u\, ...,«£>}, except for pairs 

{uk-i-j,u k +j : j G [0,min{/c - 1,D - k}]}. 

These pairs are all resolved by y since d(y, Ufc+j) = j + 1 and 

d(y,u k -i-j) = < 

[2 if i = 0. 

Thus {y, w} resolves {uq, u\, . . . ,ud}- 




Figure 16. {y,w} resolves {uq, u\, ■ ■ ■ ,uu} in Lemma 12.291 
By Lemma ETJ in each case /3(G) < n — D — 1, which is the desired contradiction. □ 
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Observe that Lemmas l2.28l and l2.29l implv the necessity of the conditions in Theorem l2.14l 
when G* = Po+i,k or G* = P' D+ i k - This completes the proof of the necessity of the 
conditions in Theorem 12.141 

2.4. Proof of Sufficiency. Let G be a graph with n vertices and diam(G) > 3. Let T be 
a twin-set of cardinality r > 3 in G. Let G' be the graph obtained from G by deleting all 
but two of the vertices in T. As in Lemma 12.111 diam(G') = diam(G). Say G' has order 
n'. Then by Corollary ESJ f3(G') = (5(G) - (r - 2). Since n! = n - (r - 2), we have that 
[5(G) = n — D if and only if f5(G') = n' — D. Thus it suffices to prove the sufficiency in 
Theorem 12. 141 for graphs G whose maximal twin-sets have at most two vertices. We assume 
in the remainder of this section that every twin-set in G has at most two vertices. 

Suppose that the twin graph G* of G is one of the graphs stated in Theorem 12.141 We 
need to prove that (5(G) = n—D. Since (5(G) < n—D by Lemma [2. 2 \ it suffices to prove that 
every subset of n— D — 1 vertices of G is not a resolving set. By Corollary [231 every resolving 
set contains at least one vertex in each twin-set of cardinality 2. Observe also that, since 
a(G*) is the number of vertices of G* not of type (1), we have that a(G*) = n — \V(G*)\. 

Case 1. G* = Pd+i with vertices Uq ~ u\ ~ • • • ~ u* D : We now prove that for each 
subcase stated in Theorem 12.141 every set of n — D — 1 = n — \V(G*)\ = a(G*) vertices of G 
does not resolve G. Suppose on the contrary that W is a resolving set of G of cardinality 
a(G*). 

Case 1(a). a(G*) < 1: We need at least one vertex to resolve a graph G of order 
n > 2. So a(G*) = 1. Thus G is not a path, but Khuller et al. [13] and Chartrand et al. 
0] independently proved that every graph with metric dimension 1 is a path, which is a 
contradiction. 

Case l(b)(i). a(G*) = 2, and u* k ,u* k+1 are not of type (1) for some k € [1,D — 2]: 
As illustrated in Figure El consider vertices x ^ u k in u k , and y ^ u k +i in u* k+v By 
Corollary 12.41 we may assume that W = {x, y}. 

Suppose that u* k is type (N). Then x ^ u k , implying dist(x,u k ) = dist(j;, u k +2) = 2 and 
dist(y, -Ufc) = dist(y, Ufc + 2) = 1. Thus neither x nor y resolve u k ,u k +2- 

Suppose that u* k+l is type (N). Then y ^ u k+ \, implying dist(x, = dist(x, u k+ i) = 

1 and dist(y, = dist(y, u k+ i) = 2. Thus neither x nor y resolve u k+ \. 

Suppose that u* k and u k+1 are both type (K). Then x ~ u k and y ~ u k+ i, implying 
dist(x,u k ) = dist(x, u k+ \) = 1 and dist(y,u k ) = dist(y, u k+ i) = 1. Thus neither x nor y 
resolve u k , u k+ \. 

In each case we have a contradiction. 

Case l(b)(ii). a(G*) = 2, u* D _ 1 is not type (1), and u* D is not type (1): As illustrated 
in Figure [T8l consider x ^ ud-i in Up_ 1 and y ^ U£> in u* D . By Corollary 12.41 we may 
assume that W = {x,y}. 

First suppose that u* D is of type (AQ. Then y ^ ud, implying dist(x, ud^) = dist(x, up) = 
1 and dist(y, ud-2) = dist(y,-uo) = 2. Thus neither x nor y resolve Ud-2,ud, which is a 
contradiction. 
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o- 

Uq 




Uk+2 



-o 

U D 



Figure 17. In Case l(b)(i). 

Suppose that u* D and u* D _ 1 are both type (K). Then x ~ ud-i and y ~ ud, implying 
dist(x, U£)_i) = dist(x, «d) = 1 and dist(y, ud-i) = dist(y, ito) = 1. Thus neither x nor y 
resolve ud-i,ud, which is a contradiction. 



«d-i x y it J, 



o — O" 



iti 




«D-2 



Figure 18. In Case 1(b) (ii). 

Case 1(c). a(G*) = 2 and is type (N), and is type (N) for some fc G 

[2,Z? — 1]: As illustrated in Figure [T9l consider x / itfe_i in and y ^ Wfc+i in u k+v 
By Corollary 12.41 we may assume that W = {x,y}. Since x ^ u^-i and y ^ Uk+i, we have 
dist(x, Uk-i) = dist(a;, Uk+i) = 2 and dist(y, ii&-i) = dist(y, Mfc+i) = 2. Thus neither a; nor 
y resolve Uk-\-,Uk+\, which is a contradiction. 




Figure 19. {x,y} does not resolve Uk-i,Uk+i in Case 1(c). 

Case 1(d). a(G*) = 3, u k _ x is type (JV), u* k is type (iT) or (JV), and u* k+1 is type (N) for 
some A; € [2, D— 1]: As illustrated in Figure [20] consider x 7^ in u^L.!, y in u k , and 
2; 7^ in u^.j. By Corollary 12. 41 we may assume that that W = {x, y, z}. Now x 7^ u^-i 
and z 9^ Ufc+i. Thus dist(x, Ufc_i) = dist(x, Uk+i) = 2, dist(y,Uk~i) = dist(y, itfc+i) = 1, 
and dist(z, Ufc-i) = dist(z, u^+i) = 2. Thus does not resolve Uk-i,Uk+i, which is 

a contradiction. 

Case 2. G* = Po+i,k f° r some k G [3, D — 1]: Thus G* is path (ujj, itf , . . . , nj,) plus one 
vertex w* adjacent to u* k _ v As illustrated in Figure [211 suppose that every vertex of G* 
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"0 




-o 

U D 



FIGURE 20. {x,y,z} does not resolve Uf.-i,Uk+i in Case 1(d). 

is of type (1), except for u* k _ 2 , u* k and w* which are type (IN), and u* k _ 1 which is of any 
type. In this case n — D — 1 = a(G*) + 1. Consequently, it suffices to prove that a(G*) + 1 
vertices do not resolve G. Suppose there is a resolving set W in G of cardinality a(G*) + 1. 
By Corollary 12.41 we can assume that W contains the a(G*) twins of Uk-2, Ujfc-i, Uk and 
to (if they exist), and another vertex of G. Let Xk~2, Xk-i, Xk and y respectively be twin 
vertices of u^-2, Uk-ii u k and w (if they exist). Then Xk-2 7^ u k-2, %k ih Uk, and y 96 w. 
Thus the distance from x^-2 (respectively Xk-i, Xk, y) to any vertex of Uk-2, Uk, w is 2 
(respectively 1, 2, 2). Hence any set of twins of vertices in {uk-2, ttfc-i, ttfc, to} (if they exist) 
does not resolve {uk-2, Uk, to}. Moreover, if i G [0, k — 1] then Ui does not resolve Uk,w; if 
i € [fc — 1, -D] then «j does not resolve Uk-2, to; and to does not resolve Uk-2, ttfe- Therefore, 
a(G*) + 1 vertices do not resolve G. 




Figure 21. {x/c_2,Xfc-i, Xfc,t/} does not resolve {uk-2, Uk, to} in Case 2. 

Case 3. G* ^ -P^+i,fc for some fc G i 2 ^ D ~ l Y- Thus G * is P ath («o> u ii ■ ■ ■ P lus 
one vertex u>* adjacent to ttj^ and u£. As illustrated in Figure [22], suppose that every 
vertex of G* is type (1) except for u* k _ x , u* k , and to* which are of type (IK). In this 
case, n — D — 1 = a(G*) + 1. Consequently, it suffices to prove that a(G*) + 1 vertices 
do not resolve G. Suppose there is a resolving set W in G of cardinality a(G*) + 1. By 
Corollary 12.41 we may assume that W contains exactly the a(G*) twin vertices of u^-i, u^ 
and to (if they exist), and another vertex of G. Let x^-i, x^, and y respectively be twins 
of Uk-i, Uk and to (if they exist). Hence Xk-i ~ ttfc-i, Xk ~ up- and y ~ to. Consequently, 
Uk-i, Uk and u) are at distance 1 from Xk, Xk+i and t/. Thus any set of twins of vertices in 
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{uk-i, Uk, w} (if they exist) does not resolve {uk-i, life, if}. Moreover, if i G [0, k — 1] then 
Ui does not resolve Uk,w; if i G [k, D] then m does not resolve Uk—i,w; and w does not 
resolve Uk-i,Uk- Thus a(G*) + 1 vertices do not resolve G. □ 



o- 

u 




Uk-2 



Uk+1 



-o 

UD 



Figure 22. {xk-i, Xk,y} does not resolve {uk-i,Uk,w} in Case 3. 



3. Graphs with Maximum Order 
In this section we determine the maximum order of a graph in G/3,d- 

Theorem 3.1. For all integers D > 2 and (3 > 1, t/ie maximum order of a connected graph 
with diameter D and metric dimension (3 is 



(2) 



2D 



x p no/si 

+ 1 +/3 ^ (2i-l) /3 ~ 1 
' i=i 



First we prove the upper bound in Theorem 13.11 



Lemma 3.2. For every graph G G Gp,D> 

/ 2D 



v /9 I"£>/31 

1 +/5 ^ (2^-lf- 1 
' 1=1 



Proof. Let 5 1 be a metric basis of G. Let G [0, D] be specified later. For each vertex v G S 1 
and integer z G [0, /c], let Ni(v) := {a; G V(G) : dist(u,x) = i}. 

Consider two vertices x,y G Ni(v). There is a path from x to u of length i, and there 
is a path from y to u of length i. Thus dist(x,y) < 2i. Hence for each vertex u G S, the 
difference between dist(w, x) and dist(«, y) is at most 2i. Thus the distance vector of x with 
respect to S has an % in the coordinate corresponding to v, and in each other coordinate, 
there are at most 2i + 1 possible values. Therefore |iVj(t>)| < (2i + l)' 3-1 . 

Consider a vertex x G V(G) that is not in Ni(v) for all v G 5 and i G [0, Then 
dist(x, v) > k + 1 for all u G S. Thus the distance vector of x with respect to S consists of 
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(3 numbers in [k + 1,D]. Thus there are at most (D — kf such vertices. Hence 



\V(G)\<(D-kf + J2J2\ N ^\ 

k 

< {D - kf + (3^{2i + if- 1 . 



i=0 



Note that with k = we obtain the bound |V(G)| < D@ + (3, independently due to Khuller 
et al. 



17| and Chartrand et al. [5(. Instead we define k := \D/3] — 1. Then k G [0, D] and 

p \d/3-\-i 



\V(G)\< D 



D 
3~ 



' i=0 



(2i + l)' 3 " 1 



/ 2D \? {D/3] 



□ 



To prove the lower bound in Theorem 13.11 we construct a graph G G Qp d with as many 
vertices as in Equation ([2]). The following definitions apply for the remainder of this section. 
Let A := \D/3] and B := \D/3] + [D/3]. Consider the following subsets of lP . Let 

Q : = {(xi, . . . , xp) : A < Xi < D, i G [1, 0\} . 

For each i G [1, 0\ and r G [0, A - 1], let 

Pi,r ■= {(xi, ■ ■ ■ ,Xi-i,r,x i+1 , . . . ,xp) : Xj G [B - r,B + r],j ^ «} . 

Let Pi := LK-fV : r G [0, A - 1]} and P := U{^i : » € Let G be the graph with 

vertex set V(G) := Q U P, where two vertices (xi, . . . ,xp) and (yi, ... , yp) in V(G) are 
adjacent if and only if \yi — xi\ < 1 for each i G [1,/?]. Figures l23l and l24l illustrate G for 
(3 = 2 and /3 = 3 respectively. 
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FIGURE 23. The graph G with (3 = 2. The shaded regions are Q, Pi, and P 2 . 
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FIGURE 24. The convex hull of V(G) with = 3. 



Lemma 3.3. For all positive integers D and (3, 



\V{G)\ 



f 2D \P [D/31 

(|t J + 1 ) +/ 5 E( 2 ^- 1 )^ 1 • 



Proof. Observe that each coordinate of each vertex in Q is at least A, and each vertex in 
P has some coordinate less than A. Thus Q n P = 0. Each vertex in Pj (j ^ i) has an 
i-coordinate at least B — r > B — {A — 1) = \_D/3\ + 1, and each vertex in Pj has an 
z-coordinate of r < ^4 — 1 < [-D/3J+1. Thus Pj n Pj = whenever i ^ j- Each vertex in 
Pj jr has an i-coordinate of r. Thus Pj jf . n Pj )S = whenever r/s. Thus 

/3 A-l 

|F(G)| = |Q| + ^^|p, r | 



D 



2D 



i=l r=0 

D 
+ 1 



- 1 



A-l 



+ /3^(2r + l) /3 - 1 

/ r =l 



r=0 



□ 



We now determine the diameter of G. For distinct vertices x = (x±, . . . ,xp) and y = 
{yi,---,yp) °f G, let 2:(x,y) := {zi,...,zp) where 

Xj if Xi = yi, 
'-: ~ < Xj + 1 if Xj < yj, 
Xj - 1 if Xj > yi . 

Lemma 3.4. z(x,y) G V(G) /or a// distinct vertices x,y G V(G). 

Proof. The following observations are an immediate consequence of the definition of z(x, y), 
where /i, A; G Z and j G [1, /?]: 

(i) if Xj, yj G [/i, fc] then Zj G [h, k]; 
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(ii) if Xj G [h, k] then Zj G [h — 1, /c + 1]; and 

(iii) if Xj G [/i, fe] and yj G [/i', fe'] for some h' > h and A;' < fe, then Zj G [/i + 1, fe — 1]. 
We distinguish the following cases: 

(1) x,y G Q: Then Xj,yj G -D] for all j. Thus Zj G [a, D] by (i). Hence z € Q. 

(2) x £ P and y G Q: Without loss of generality, x G Pi r j that is, x = (r, x 2 , . . . , x#), 
where r G [0, A — 1] and Xj G [B — r, B + r]. Since y G Q, we have y\ > A > r. 
Thus z = (r + 1, z 2 , ■ ■ ■ , zp). 

(2.1) zi = r + 1 < A: By (ii), zj G [5 - r - 1, B + r + 1] for every j / 1. Thus 

^ G Pl,r+1- 

(2.2) zi = r+l = A: Then z x G [A, £>]. On the other hand, if j / 2 then j/j > A, and 
since x G P\, r , we have r = A— 1, we have Xj > P— r = [P/3J+1 > [-D/3] = A. 
Thus Zj > A. Hence z G Q. 

(3) x G Q and y G P: Without loss of generality, y G Pi jr . That is, y = (r, y 2 , . . . ,yp), 
where r G [0, A — 1], yj G [P — r, B + r], and x = (xi, . . . , x^), where Xj > A for all 
j. That is, X\ > r = y±, and therefore z = (xi — 1, z 2 , . . . , zp). 

(3.1) zi = xi — 1 > ^4: Since Xj,yj > A, by (i), Zj > A for every j / 1. That is, 
z G Q. 

(3.2) zi = xi - 1 = A - 1: Since r < A - 1, we have y^ G [5 - r,B + r] C 
[5 - (A - 1), B + A - 1] for all j {1, 2}. Now B - A = [D/3\ < \D/3] = A 
and D < [D/3\ + 2\D/3] = A + B. Thus xj G [B - A,B + A]. By (iii), 
zj € [B - (A - 1),B + A - 1]. That is, z G Pi,a-i- 

(4) x, y G Ph- Without loss of generality, x,y G Pi. Thus x = (r, x 2 , . . . , xp) for some 
r G [0, A — 1] with Xj G [P — r, B + r] for all j / 1, and y = (s, y 2 , . . . , yg) for some 
s G [0, A - 1] with y^ G [P - s, P + s] for all j ^ 1. 

(4.1) r = s: Then z = (r, z 2 , . . . , z^). By (i), Zj G [B — r, B + r] for all j ^ 1. Thus 
z G Pi, r . 

(4.2) r < s: Then z = (r + 1, z 2 , . . . , zp). By (ii), Z, G [P - (r + 1), P + r + 1] for all 
j ^ 1. Thus z G Pi )7 .+i. 

(4.3) r > s: Then z = (r - 1, z 2 , . . . , zp). By (iii), Zj G [P - (r - 1), P + r - 1]. Thus 

^ G Pi, r -i. 

(5) x G Ph, y G Pfc and h ^ k: Without loss of generality, x G Pi and y G P 2 . Thus 
x = (r, x 2 , . . . , xp) for some r G [0, A — 1] with Xj G [P — r, P + r] for all j ^ 1, and 
y = (yi, s, y 3 , . . . , yg) for some s G [0, A - 1] with y^ G [P - s, P + s] for all j / 2. 
Hence r < A < y\ and s < A < x 2 , implying z = (r + 1, x 2 — 1, Z3, . . . , zp). 

(5.1) zi = r+l < A: Now Xj G [P-r,P+r] for j / 1. Thus Zj G [B-r-1, P+r+1] 
by (ii). Thus z G Pi, r +i. 

(5.2) zi = r + 1 = A: Consider the following subcases: 

(5.2.1) z 2 = x 2 — 1 > A: By hypotheses, zi,z 2 > A. For j {1,2}, since 
Xj, yj > A, (i) implies that Zj > A. Thus z G Q. 

(5.2.2) z 2 = x 2 — 1 = A — 1: In this case x = (A — 1, A, X3, . . . , X/3), z = 
(A, A — 1, Z3, . . . , zp), and s < A — 1 = r. Since x G Pi,a-i, we have 
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zi = x 2 = A G [B - (A - 1),B + A - 1]. For j {1,2}, since Xj G 
[B - {A - 1), B + A - 1] and ^- G [B - s, £ + s], where s < r = A - 1, 
(i) implies that zj G [£ - (A - 1), 5 + A - 1]. That is, z G P 2 ,A-i- 

□ 

Lemma 3.5. For all vertices x = (xi , . . . , xp) and y = (y\ , . . . , yp) of G, 

dist(x, y) = max{[yj — x%\ : i G [1, (3]} < D. 

Proof. For each i G [l,/3], dist(x,y) > |xj — yi\ since on every xy-path P, the i-coordinates 
of each pair of adjacent vertices in P differ by at most 1. This proves the lower bound 
dist(x,y) > max; \yi —Xi\. 

Now we prove the upper bound dist(x, y) < maxj \yi — Xi \ by induction. If maxj \yi — X{\ = 
1 then x and y are adjacent, and thus dist(x,y) = 1. Otherwise, let z := z(x,y). By the 
definition of z(x,y), for all i G [1, /3] we have \yi — Z{\ = \yi — Xi\ — 1 unless Xi = yi. Thus 
maxj \yi — Zi\ = maxj \yi — Xi\ — 1. By induction, dist(z,y) < maxj — Zi\ = maxj — Xj| — 1. 
By Lemma 13.41 z is a vertex of G, and by construction, x and z are adjacent. Thus 
dist(x,y) < dist(z,y) + 1 desired. □ 

Lemma 13.51 implies that G has diameter D. Let S := ...,?;«}, where 

Vi = (t, ... ,t,0,t, ...t) . 
i-1 

Observe that each Vi £ Pi. We now prove that <S is a metric basis of G. 

Lemma 3.6. dist(x, v{) = Xi for every vertex x = (x±, . . . , xp) of G and for each V{ G S. 

Proof. Let Vij be the j-th coordinate of V{\ that is, t^j = and v%j = t for i ^ j. Then 
dist(x,t>j) = max{|t;jj — Xj\ : 1 < j < (3} = max{xj, max{|i — Xj\ : 1 < j < (3,j ^ i}}. We 
claim that \t — Xj \ < X{ for each j ^ i, implying dist(x,t>j) = Xi, as desired. 

First suppose that x G Q. Then s < Xj < -D. Thus |-B — Xj| < 
max{B -il,D-t} = max{ [D/3\ , D - t} < max{[-D/3j, \D/3]} = \D/3] < x { . 

Now suppose that x G Pfc :r for some k ^ i and for some r. Then Xj > t — r > t — (\D/3] — 
1) = [D/3\ + 1 > \D/3\. Now |i - Xj[ < r < [D/3] - 1. Thus \t - Xj\ < x { . 

Finally suppose that x G P^ r for some r. Then \t — Xj\ < r = X{. □ 

Lemma 13.61 implies that the metric coordinates of a vertex x G V(G) with respect to S 1 
are its coordinates as elements of iP . Therefore S resolves G. Thus G has metric dimension 
at most \S\ = p. 

If the metric dimension of G was less than f3, then by Lemma 13.21 

f 2D \ 13 {D/3] / 2D \ /3 - 1 lD/3] 

which is a contradiction. Thus G has metric dimension /3, and G G (7/3, d- This completes 
the proof of Theorem 13.11 
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